A graph is (t; r)-regular i it has at least one independent t-set of vertices and the open neighborhood of any such set contains exactly r vertices. Our goal is to show that when t ¿ 3 and the order is su ciently large, then the structure of (t; r)-regular graphs is similar to, but not exactly the same as the structure of (2; r)-regular graphs as derived by Faudree and Knisley. That is, there is an "almost" complete kernel of order at most r surrounded by satellite cliques, all of the same order, which are "mostly" joined to the kernel. 
The (1; r)-regular graphs are the regular graphs of degree r, a rich and varied class. The following theorem of Faudree and Knisley [1] therefore came as something of a surprise:
Theorem FK. For each non-negative integer r, there is an integer N (2; r) such that if G is (2; r)-regular and n(G) ¿ N (2; r), then G = K a ∨ mK p for some integers m ¿ 2, p ¿ 1, a ¿ 0 satisfying 2(p − 1) + a = r.
When a = 0, K a ∨ mK p = mK p . Notice that when r = 0, the conclusion holds with, and only with, n(G) ¿ 2, a = 0; p = 1, m = n(G).
It is a curious and useful corollary of Theorem FK that N (2; r), made into a function of r by taking the smallest integer satisfying the statement of Theorem FK, is a strictly increasing function of r. To see this, suppose that G is (2; r)-regular, and that n(G) ¿ N (2; r + 1) − 1. Then G ∨ K 1 is (2; r + 1)-regular, of order ¿ N (2; r + 1), so G ∨ K 1 = K a ∨ mK p , as in Theorem FK. Since the added vertex making up K 1 is adjacent to every other vertex in G ∨ K 1 , it must be that this vertex is in K a , in the FK-decomposition of G ∨ K 1 . Therefore G = K a−1 ∨ mK p . Since G was arbitrary, it follows that N (2; r + 1)
It is shown in [2] that r 2 =16 ¡ N (2; r) ¡ r 2 for all r ¿ 4. Notice that K a ∨mK p is (t; t(p−1)+a)-regular for every t ∈ {2; : : : ; m}. After Theorem FK appeared it was brie y speculated in some precincts that the same theorem would hold with 2 replaced by t, for each t ¿ 3. We shall see that this theorem does not hold true, but that it "almost" does. For n(G) su ciently large, depending on t ¿ 3 and r, if G is (t; r)-regular then G is "almost" the join of mK p with a graph H which is "almost" a clique, for some m ¿ t and p such that t(p − 1) + n(H ) = r.
Deÿnition. For a graph G and a positive integer t, the t-kernel of G, denoted Ker t (G), is the set {v ∈ V (G); v does not belong to any independent set of t vertices of G}.
is an independent set of vertices in G and |S| = t − 1], and Ker t (G) = V (G) for t ¿ (G).
Theorem. Suppose that t ¿ 3 and r ¿ 1 are integers. There is an integer N (t; r) such that if G is (t; r)-regular and n(G) ¿ N (t; r), then ¡ Shell t (G) ¿ mK p , for some integers m ¿ t and p ¿ 1 such that r =t(p−1)+|Ker t (G)|. Furthermore, the smallest N (t; r) for which this holds satisÿes N (t; r) 6 max[N (2; r) + r + t − 2; tr + 3r
The proof of this theorem is postponed for a bit.
Corollary. For t ¿ 3; r ¿ 1, and n ¿ N (t; r), every (t; r)-regular graph of order n may be constructed as follows: choose integers a ¿ 0, p ¿ 1, and m ¿ t such that r =t(p−1)+a and n=mp+a; if a=0 take G =mK p ; otherwise, take a graph H with n(H ) = a and (H ) ¡ t and construct G by putting in some of the edges between H and mK p in H ∨ mK p so that in G, for each k ∈ {1; : : : ; (H )}, and each independent set of vertices S ⊆ V (H ) with |S| = k, no more than t − k − 1 of the p-cliques of mK p contain vertices not adjacent to any vertex of S.
Proof. Supposing n(G) ¿ N (t; r) and G is (t; r)-regular, let H be the subgraph of G induced by Ker t (G). By the Theorem, G − Ker t (G) = mK p for some m ¿ t and p such that r −t(p−1)=n−mp=n(H ). That (H ) ¡ t and that G results from omitting edges from H ∨ mK p between H and mK p under the constraints expressed in the Corollary follow from the deÿnitions of Ker t (G) and Shell t (G).
It
. Then (G 1 (Z)) ¿ 2, because G 1 (Z) contains the two vertices in S \Z; further, any two non-adjacent vertices in G 1 (Z) make an independent set of t vertices in G when put together with Z. It now easily follows from the (t; r)-regularity of G that Observe that every vertex in the mK p part of this decomposition of G 1 (Z) is in Shell t (G) since any such vertex can be put together with a vertex from a di erent K p , and Z, to form an independent set of t vertices of G.
, by the assumption about n. The (t; r)-regularity of G implies that each vertex of Shell t (G) has degree no greater than r. It follows that
By the deÿnition of Ker t (G), Ker t (G) ⊆ N (S). Therefore |Ker t (G)| 6 r. Therefore,
Also note that if Ker t (G) ⊆ N (S) for every independent t-set S ⊆ V (G), and Shell t (G) is a disjoint union of p-cliques, then r = t(p − 1) + |Ker t (G)|. We use the observations above to show that adjacency-or-equality in G is a transitive relation among the vertices of Shell t (G). This will imply that the subgraph of G induced by Shell t (G) is a disjoint union of cliques. We will then ÿnish the proof by showing that these cliques all have the same order.
Suppose that u; v; w are three distinct vertices in Shell t (G), and that u and v, and v and w, are adjacent. We aim to show that u and w are adjacent.
Since vertices in Shell t (G) have degrees 6 r, it follows that |N [u; v; w]| 6 3r− 1 ¡ |Shell t (G)|, so there is a vertex z 1 ∈ Shell t (G) \N [u; v; w] . We have |N [u; v; w; z 1 ]| 6 (3r−1)+r+1 ¡ (t +2)(r+1)−3 6 |Shell t (G)|, and so there is a vertex z 2 ∈ Shell t (G)\ N [u; v; w; z 1 ].
Continuing in this way, we obtain z 1 ; : : : ; z t−1 such that 
we can ÿnd z t ∈ Shell t (G) \ N [u; w; v; z 1 ; : : : ; z t−1 ]. Now, {z 1 ; : : : ; z t } is an independent t-set of vertices in G; let Z = {z 1 ; : : : ; z t−2 }. We see that u; v; w are in G 1 (Z), and are not in K(Z), in the FK decomposition of G 1 (Z), because K(Z) ⊆ Ker t (G), and u; v; w are in Shell t (G), by assumption. Therefore u; v; w are in the mK p part of the FK decomposition of G 1 (Z), and since uv and vw are edges, they must be in the same K p . Therefore u and w are adjacent. Now suppose that C 1 and C 2 are disjoint maximal cliques in Shell t (G) . We will show that n(C 1 ) = n(C 2 ). Let z i ∈ C i , i = 1; 2; z 1 ; z 2 are not adjacent in G since they are not adjacent in an induced subgraph of G to which they belong. Proceeding as above, we can ÿnd z 3 ; : : : ; z t such that z j ∈ Shell t (G) \ N [z 1 ; : : : ; z j−1 ] for each j ∈ {3; : : : ; t}, thanks to the fact that |N [z 1 ; : : : ; z j−1 ]| 6 (j − 1)(r + 1) 6 (t − 1)(r + 1) ¡ tr + 2r + t − 1 6 |Shell t (G)| for each j = 3; : : : ; t.
Since Shell t (G) is a disjoint union of cliques, any vertex of Shell t (G) not in C i is not adjacent to any vertex of C i , i = 1; 2. Therefore, taking Z = {z 3 ; : : : ; z t }, we see that C 1 and C 2 are entirely inside G 1 (Z), and they must therefore be in the mK p part, with reference to the FK decomposition of G 1 (Z). Since C 1 and C 2 are maximal cliques in an induced subgraph of G, each entirely contained in an induced subgraph mK p of that induced subgraph, it must be that both C 1 and C 2 are one of the K p 's. Therefore, they have the same order.
